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DIELECTRICS - BOUNDARY VALUE PROBLEMS
by
R.D. Young

1. Introduction

In general, two or more dielectric media are present in a given situ-
ation. In fact, the vacuum can always be considered as a dielectric with
permittivity €g. Or there may be at least one dielectric medium and one
conducting medium in a problem. In these more complicated problems,
the behavior of the field vectors E and D across the interface between two
media is required for a solution. The boundary conditions across such an
interface are derived in terms of the tangential component of the elec-
tric field E and the normal component of the displacement D. Poisson’s
equation in the presence of a dielectric medium is derived and specialized
to Laplace’s equation in the absence of any free charge.

Thus, an electrostatic problem involving linear, isotropic, and homo-
geneous dielectrics reduces to finding solutions of Laplace’s equation in
each medium, and joining the solutions in the various media by means of
the boundary conditions alluded to above.

2. Procedures
1. Read Secs. 4-7 to 4-8 of the text.

2. Write down or mark in the text the condition on the tangential compo-
nent of the electric field E (eq. 4-42b) and the normal component of the
displacement vector D (eq. 4-41b) at an interface between two media.
Also, write down a sentence or two explaining each of the equations
(4-41b) and (4-42b). Be prepared to write down both the equations
and the explanatory sentences on the Unit Test.

3. Write down or mark in the text Poisson’s and Laplace’s equations (4-48
and 4-49, respectively) in the presence of dielectric material.

4. Read Example 4-2, “Dielectric sphere in a uniform electric field,” very
carefully. This is a prototype example of solving Laplace’s equation
when a dielectric medium is present using boundary conditions on F
and D.
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5. Read the Supplementary Notes for other examples of solving elec-
trostatic problems involving linear, isotropic, and homogeneous di-
electrics. The problems solved in the Notes are numbers 4-7, 4-16,
and 4-17 of the text.

6. Solve the following problems:
4-8, 4-10, 4-15, 4-17

3. Supplementary Notes
1. Problem 4-7

Given:

Two dielectric media with dielectric constants K; and K,. Media
separated by plane interface. No free charge on interface.

The angles 0, and 05 are the angles that the displacement vector makes
with a normal to the interface in medium 1 and 2, respectively (see
Fig.1).

Find - Relationship between 61, 6 and K;, K.

Since there is no free charge,
Dln - D2n (1)

By = Eyy (2)

Medium 1 Medium 2
K1 Ko

Interface

Figure 1. .
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where the subscripts n and ¢ mean normal and tangential, respectively.

Thus,
Dj costy = Dy cos Oy
E1 sin 01 = E2 sin 92
Kl tan 91

Ky  tané,
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d
V1 V2
K
A
Y AV=V,y-V;
origin X letK=1ingap (vacuum)

Figure 2. .

2. Problem 4-16

Given:

Two parallel conducting plates - separated by d and maintained at
potential difference AV'.

Slab (dielectric constant K) and uniform thickness d between plates.
Slab does not completely fill volume between plates.

Find -
a) Electric field in dielectric
b

)
) Electric field in vacuum
¢) Charge density o on plate in contact with dielectric
)
)

d

e) Bound charge density o, on surface of dielectric

Charge density o on plate in contact with vacuum

Solution -

In dielectric,

V=ar+bd
In vacuum,
V=cx+/{
But,
Vie=0)=Viand V(z =d) =V,
Then,
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Also,
Vie=d)=Vo=ad+ Vi =cd+ W,
Thus,
o= V2 — V1 _ M
d d
Hence,

A
Vix) = TVx—i—Vl

In vacuum and dielectric. Now,

ov AV
E = ———
(z) ox d
in vacuum and dielectric. Inside the conducting plates, D = F = 0.
So, the boundary condition on the displacement vector (which has only
a normal component) is

D=o
Thus,
c=D=KeFE = —KEO%
on plate in contact with dielectric.
Thus,
azDzeoE:—eo%

on plate in contact with vacuum.

Fromap:]soﬁ,
op=P=D—¢FE =KeFE —¢FE = (K—1)eFE

So,

AV
Up = —(K — 1)607

. Problem 4-17

Given:

Conducting sphere (radius R, free charge Q). Sphere floats half-
submerged in a liquid dielectric of permittivity £;. Region above
sphere is gas of permittivity Es.

Find - Electric field in dielectrics.
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gaseousdielectric

E»

E4

liquid dielectric

Figure 3. .

Solution -

Select a coordinate system with origin at the center of the sphere, the
z-axis perpendicular to the surface of the liquid, and the z-y plane
in the surface of the liquid. Then, the problem should be symmetric
about the z-axis. Thus, the potential in medium 1 and 2 should be
expanded in terms of zonal harmonics. So,

Medium 1
Vi = Ay + Cir~ ' + Agrcos @ + Cor~2 cos O+
%A3r2(3 cos? 0 — 1) + %Cg’l”_?’(?) cos?0 — 1)+ ...
where -
R<r< oo, 5 <f#<nm
Medium 2
Vo= Ay 4+ Cirt + Abrcos§ 4 Chr—2 cos 0+
%Agr2(3 cos?0 — 1) + %C’ér*S(S cos?0 — 1)+ ...
where .
R<r<oo, ) <0<~

Let 7 — oco. Then, V; and V5 must behave like a point charge potential.
So,
Ay=A3=...=A,=A=...=0

Likewise, as r — R, V7 and V5 must become constant independent of
0. So,
Co=C3=...=Cy=C,=...=0

10
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Hence,
Vi=A +Cirtand Vo= A, + Ot

Thus, E is a radial field. Since E is independent of # and continuous
at the interface,

B, =Fy,=E"
.

The displacement vector D is parallel to E so D is radial. Apply
Gauss’ Law to an (imaginary) spherical surface of radius r, concentric
with the conducting sphere. Then,

?{ﬁ.ﬁdS:Q:D1§+D2§

where A = 4712, So,
Q=e FE-2mr? + eF - 27mr?

Q

F=—1———
27 (€1 + €2)12

and

e -
27 (e + €9)r3

You can calculate the charge densities.

E:
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